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ABSTRACT. We study inequalities between the norm of the best approximat-
ing polynomial and the nth derivative of the function. These inequalities are
then related to inequalities that have been considered elsewhere in different
contexts.

1. Introduction. Phillips [1] has shown that if f (+1) is continuous and P is a
polynomial of degree n, then

1 Ip
0 (L1509 - Pi) " < 2B yyteeny,
where 8(n,p) = infy( 1" = ox)|” )7 with Q a polynomial of degree
(n — 1). Furthermore, this is the best possible inequality of its kind.

We are interested in the generalizations of (1) where ||f ("“)ILO is to be
replaced by a more general norm. Although such inequalities are of interest in
themselves, our main interest is showing connections with inequalities that
have been considered elsewhere, see Fink [2], [3] and Brink [4].

To set the precise problem, let 1 < p < o0 and 1 < g < o0. Let 7, denote
the polynomials of degree < n and f be a function with absolutely continuous
f ) and f0*) g L,(a,b). Let P(f,n,p) be an element of #, that minimizes
{If-Ql,: ¢ € =), and E(f,n,p) = ||If - P(f,n,p)ll,- All norms are on the
interval [a, b]. Then we seek best possible constants B(n,p, q) such that

@) E(f,n,p) < B(n,p, q)(b - a)""""’l/l"‘/4||f(n+l)|b.

The factor (b — @)"""*"7"V4 is inserted in order to make the constants
B(n,p, q) independent of the interval. The inequality (1) of Phillips then is the
equation

3) B(n,p, ) = 8(n,p)/(n + 1)1 2"+1+Ve,

It is known that
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8(n, 1) = 8(n,0) = 1/2" and 8(n,2) = \/2/(2n + 3)2”“/(2& :12)

We will find it convenient to adopt [—1, 1] as the standard interval as in [1].
Also if 1 € p € o0, then p’ is defined by 1/p + 1/p" = 1 with the usual
conventions when p =1 or co. The norms ||f]| = (*, |f|? )? and £l
= esssup|f(x)| will be used.

2. The related inequalities. We here consider some special cases of inequal-
ities considered m [2]. Let f be defined on [a,5] with f®V absolutely
continuous and f® € L (a, b). The notation f € Z(a, 8) means that f has at
least an a-fold zero at g and a B-field zero at b. The notation f L «, means
that J' fg = 0 whenever ¢ € n,. Let D(n,p, q) and F(n,p,q) be deﬁned as the
best possible constants in the mequahtles,

@ I, < Dpg)6 — ™V, g e Z(an);

and

6) I, < Fonpg)® - @™ V) f @) 1517 sga(f) L m,

The inequality for (4) makes sense for all p and g, while (5) requires that
p< oo

For our purposes we need to know about the existence of solutions of the
boundary value problems associated with inequalities (4) and (5).

Lemma 1. (i) If g € Li(a,b) and g L m,_,, then there is a unique f € Z(n, n)
such that f*¢ ) = g (a.e.). The umque f is given by the formula

16 =Gy &= 0"

(i) If g € L(a,b), then there is a unique function f such that f ™ = gae.and
f 1l -1

PROOF. In the first instance a solution is given by the formula. The
difference to two solutions is a function p such that p( ") = 0 and p € Z(n,n).
Clearly p is a polynomial with too many zeros unless p = 0,

In the second case, let f, be a particular solution of f o = 8. The general
solution is thus given by f, + p with p € m_,. Consider the problem
min, e, |Ify + pl,. This finite dimensional problem has a solution f — Po
= f,. The inequality ||f;|, < IIf; + apll, for arbitrary real 4, and p € =, _
leads to 2, /,p =0 as requlred Uniqueness now follows from || Ilz

= i +plos p € 7y = 1Pl = 0.

From the above representation it is easy to see that D(n, P, q) exists. In fact,

if f € Z(n,n) then an integration by parts shows that f®@ 1 7,_; so that
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D(n,p,q) < 1), (f (f |x - I(n-l)q'dt)l’/‘l'dx)l/p.

In general this is a poor estimate of D(n, p, q).
LemMa 2. If p < o and | < q. Then D(n,q',p’) = F(n,p,q).
PrOOF. Let

If1""sgn(f) L m,_, and K™ = |f]”'sgn(f)
with A € Z(n,n). Then

112 = [ 607 = 1y [ ® < iy I
< D(ng'p)(b — o)™ VIV | | ),

= D(n,g"p)(6 — )" VP VA 17 5.

Thus F(n,p, ?) exists and is < D(n,q’,p’). Conversely, if f € Z(n,n), let
g™ = |17 "sgn(f) with g L 7,_,. Then as before,

IAE = 0" [ 1% < lel sl
< Fn,p,q)® = a7 Ve gy |70y,

= F(n.p,9)(6 - ™YL 1 7@,

so that D(n,q",p’) < F(n,p,q).

Let us call functions for which equality holds in (4) or (5) extremals. The
proof of Lemma 2 gives the equations that must be satisfied, since everything,
say in the first string of inequalities, must be equalities. In particular, there are
either extremals for both problems (D(n,q’,p’), F(n,p,q)) or neither, and
equality must hold in the use of Holder’s inequality. Thus extremal equations
are

K = |f17 sgn(f),  1f17 " sen(f) L mys
1717 = R|n)7, h € Z(n,n),

for some constant A. Here 4 is an extremal for D(n,q’,p’) and f for F(n,p, q).

Actually, it is easy to see that in most cases extremals do exist. Clearly
D(n,p,q) is supf{l|fll,: llf(")llq = 1,f € Z(n,n)}. If {f,} is a sequence of
functions such that [|£,l|, = D(n,p,q)(b — Q)" "V and i 1< g < o,
then we can assume that f, £ _, g weakly with ||g||, = 1. Thus

(6)
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fx) = f Call) i 1)' (")(t)dt

converges uniformly to

n—1
10 = [ E=Irs0a

It follows that f® = g a.e.,f € Z(n, -) and ||f () l[q = 1 so that

I£ll, = D(n,p,q)(6 — )7 712,

Since f™ 1 7_,,g L =,_;. From this it follows that f € Z(n,n).
One can show that D(n,p,q) is continuous in p and ¢ and monotone in p
and g. In fact i p < r, [[fl,, < If1,(6 — )" 50 that if f € Z(n,n), then

111, < A1, = & < 6 = """ Dim,r,g) (6 — )™ VY| 1.

Since D(n,p,q) is the best possible constant, it follows that D(n,p,q)
< D(n,r,q) if p < r. Similarly, D(n, p, q) is nonincreasing in q.

3. The main connection. The boundary conditions associated with inequality
(5) are reminiscent of the properties of best possible approximation of
functions by polynomials. We can make this precise. We will show that

THEOREM 1. For 1 € p < 0,1 < ¢ < o, B(n,p,q) = F(n + 1,p,q).

In order to prove this, we need a preliminary observation.

LBh}dMA 3. E(fnp) = sup(f; (f = P(f,n.p))g: g € L,(a,b)llglly < Lg
L m,.

Proor. We have

b
If = PP, = sup fa [f = P(f;np)lg where [gll, < 1.
The supremum is attained for
g =X'If = P(f,np)" " sgn(f = P(in,p))

with A = ||f - P(f,n, p)II But this g satisfies g L 7, so that the supremum
is attained among the more restrictive class of the lemma

PROOF OF THE THEOREM. Let g € L,(a,), g L m,, Ilgl[, <1, and G
€ Z(n + 1,n + 1) with Gt = g, Then
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b b
[ 1= PUnple = [ 6"V1s = P(finp)

— (=1 [° gD (n+1)
= 0™ 7 6D < 5O gl
< ”.f("ﬂ) |L,D(n +1,¢,p)(b - a)"""“/ﬂ'-l/l" “G(n‘l-l)"p’

= /"6 - ™Y F(n + 1,p,q) gl
And thus

If = P, < (6= )™ VaEG + 1,p,9) 157D,

so that B(n,p,q) < F(n + 1,p,q). Conversely, if |f|” 'sgn(f) L m,, then
P(f,n,p) = 0 and

"f"P = E(f,n,p) < B(n,p, q)"f(""‘l) lL](b - a)n+l/P"l/q

and, therefore, F(n + 1,p,q) < B(n,p,q).

There is an interplay between the various inequalities that we now want to
explore. We now restrict ourselves to the standard interval [—1,1]. We first
observe that Meinardus [5] notes that if [f®*V| < g®*V, then E(f,n,p)
< E(g,n,p). Thus in order to prove an inequality (2) we can restrict ourselves
to f for which f**) > 0. In particular the extremals for problem (5) satisfy
this relation and being L @, must have the minimum number of changes of
sign. A glance at equations (6) then shows that A has exactly n changes of
sign and & is in Z(n, n). Thus the extremal A for inequality (4) satisfies A > 0.

To see that this is positive information we show that Phillips’ result follows
easily from this. For if h € Z(n,n) and h > 0, and P € 7, with P®W =,
then

1 1
el = [, hP® = (=1 [ K9P < 4P |1l
so that

2"*1"Y4p(n,1,q) = min{|P,: P € 7, P® = 1)

or

2*1-Yap(n,1,9) = 8(n — 1,9)/n!.

Therefore
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- = N —__ Snp)
B(n,p,0) = F(n+ 1,p,0) = D(n + 1,1,p’) = W

4. B(n, 1, q). In order to compute B(n, 1,q) we note that we may assume that
I (*+1) 5 0. To see that this helps, we look at the extremal equations (6) and
the proofs of Lemma 2 and Theorem 1. If f is the extremal for the
F(n + 1,1,9) problem, then P(f,n,1) = 0 and fis also the extremal for the
B(n,1,q) problem. Hence, there exists h, an extremal for the D(n + 1,¢’, ©0)
problem, such that

sgn(f) Lm; K™D = sgn(f);

heZhm+Ln+1); fo) = Az/"lhlq'/".

™

Knowing that f™*') > 0 it follows that sgn(f) changes sign exactly (n + 1)
times. Thus A"+ changes sign exactly (n + 1) times. With h already having
(2n + 2) zeros, we conclude that h # 0 on (—1,1). Thus f @+1) > 0 on (~1,1).
This implies, see Lorentz [6, p. 115], that the zeros of f are cos(kn/(n + 2)); k
= 1,...,n+ 1. That is, h is a perfect spline with knots at the Chebyshev
points. According to Schoenberg [7], h(x) = M(x)/2"(n + 1)! where M is the
basic spline M(x; xy, . . .,X,45); X; = cos(in/(n + 2)). Therefore

THEOREM 2. B(n, 1,q) = (1/22*27Y4)||M||./(n + 1)!.

5. B(n,2,q). The computation of B(n,2,q) is more complicated. However,
we may reduce it to several related problems. Since we know that B(n,2,q)
= F(n + 1,2,q) we concentrate on computing F(n,2, ¢). The first step in this
direction is

LEMMA 4. Let g be continuous. Theng = f (k) for some f € Z(k, k) if and only
’:f g 1 ﬂk_l .

ProoF. If g L m _;, define

x (x — t)k—l

10 = [ = a0

Then f k) = g and f has k zeros at —1. On the other hand,

) k-l
f(l)(l) =f_ll z(l:_—;)_jﬁg(l)df =0

for0 € k — 1 —j < k- 1. This gives g € Z(k, k). Conversely, if g =f("),
f € Z(k,k) then
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[, s = [ s O wdx = (-1t | ¥y =0 itp e m,.
Thus the inequality

lgl, < F(n,2,q2"V2Vag®) 0 gy g,

is equivalent to
5@l < Fn, 2,902 V2 Ve @y g e Z(n,n).

In order to see how this representation can be used, we introduce another
class of inequalities. Consider

8) I, < Clna,p,q)(b — @) 2~ Va) s,

when f € Z(a,n — a).
These have been discussed in Brink [4] and Fink [2]. For our purposes here,

we note that (see Fink [2]) for the problem C(2n,m,q’,q), the extremal
equations are

) |7@) = R|n, f € Z(n,n),
K = £ sgn(f), k€ Z(n,n),

with £ > 0, (=1)"4® > 0, f the extremal for C(2m,n,q’,q) and h an
extremal for the same problem.

The second fact that we need is the uniqueness of the extremals.

We postpone the proof in order to avoid interrupting the flow of events.

LEMMA 5. If 2 < g < co then there is a unique extremal (up to multiplicative
constant) for the C(2n,n,q’,q) problem.

Since both 4 and f in (9) are in Z(n,n) and the two functions appear in a

symmetric way (aside from a multiplicative constant), we can conclude that
h(®) = pf(r) and

(10) FEO@) = RAH@T = (T 5.
THEOREM 3. F(n,2,q) = C(2n,n,q’, )'/ 2 if2 € q < c0. If fis the extremal

for the C(2n,n,q',q) problem, then f™ is the extremal Jor the F(n,2,q) and
B(n - 1,2,q) problems.

Proor. Using Lemma 4, we let f € Z(n,n) and compute f_', If (")|2 .
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LG = o e < It sy,
< C(2n,n,q',q)22+Va=Va| g 2,

(11)

lf@l, < C@nmq',q) 2 2mV2-Va| @)

Consequently, F(n,2,9) < CSZn ,n,q', q)l/2 However, in inequalities (11),
equalxtyholdsxf 1£19 = o f®|? a.c., 6 some constant, and if fis an extremal
for C(2n, n,q qz By (10) both of these are satisfied. Therefore, F(n,2,q)
= Cc(nnq',q)"

We can combme this with the extremal information if g = 2 to get more
information.

THEOREM 4. B(n,2,2) = Ay V2 yhere Ay is the smallest eigenvalue of the
problem

(12) @D = \—1)™f, fO0) = fD(M) =0, j=0,...,n

Proor. By Theorem 3 we may compute C(2n + 2,n + 1, 2,2)'/ 2 instead. By
Lemma 5 the extremal is unique. The extremal equations are

Hed) = f hezZn+ln+1),
fO) = o(-1)"'h,  fEeZ(+1L,n+1),

with f the extremal. But A is obviously also an extremal so that A = pf for
some p > 0. That is (12) is satisfied. But

C@n +2,n+1,2,2) = |fl/If® 1, = Ifl/AA, = VA
so that the result follows.

6. Proof of the uniqueness lemma.

PrOOF OF LEMMA 5. The extremal equations (9) may be simplified in the
following way. Since f @) 5 0 and f € Z(n,n), f has no interior zeros. A
similar statement holds for 4. Hence

o) = RART and KOG = 17177

Let G(t,s) be the Green’s function for the problem Ly = y® .y € Z(n,n). It
is known that (—1)"G(t,s) > 0. Now the extremal equations may be written

56 = R4 [ 1 G HIT " s,
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W) = [ 1 GG @I .

Thus f is an eigenfunction of the operator K which is a composition of
operators H, and H, where

BS) = 1) [ Ge0f@dr and Bpf() = 1GI7.

In fact, if Kf(x) = (H, HyH; H,) , then f > 0 is a nonnegative solution to
f= X/4 kf. Furthermore since H, and H, leave the cone { f|f > 0} invariant,
K is a positive operator with respect to this cone.

Using equations (9), the normalization || f (2n) ll, =1, and

c@nn,q', )2 VaVa = |l = Kl /1K1,

it follows that

(13) C(2n, ngq', q)2n+l/q'-l/q = A—z/qq"

Consequently, the uniqueness of extremals amounts to the statement that the
integral equation f = X/AKf with A given by (13) has a unique solution when
||f@ ll, = 1. Itis easy to verify that the operator K is a up-concave monotone
operator in the sense of Krasnoselskii [8, pp. 187-188] and so there is at most
one nonnegative solution f to f = X¥/4Kf provided uy = x" and 0 < ¢’ — 1
< 1. If ¢’ = 2, the result follows from linear theory.

7. On B(n, o0, q) and B(n,p, 1). As a consequence of Lemma 2 and Theorem
1, B(n,p,q) = D(n + 1,9’,p’) whenever 1 <p< o and 1 < g < . In
fact, the equation is true for all p and q in [1, o0]. We have shown that D is
increasing in its second variable and decreasing in its third variable. Conse-
quently B has the same properties.

LeEMMA 6. D and B are continuous from the left in the second variable and
continuous from the right in the third variable.

PrOOF. Let 1 <p < o0 and 1 < p; < p, and [a,8] = [0,1]. If f is any
admissible function, then

I, < DCvpy ) If P, < Dlnp -, ) I1F P,

by the monotonicity of D. Now letting p; = p we get [Ifll, < D(n,p —,q)
™ ll,- By minimality, D(n,p,q) < D(n,p —,q). By monotonicity the re-
verse is true, so D(n,p,q) = D(n,p —,q). The proof for B and for the third
variable are similar.

THEOREM 5. For 1 K p < wand 1 € q € 0, B(n,p,q) = D(n + 1,4',p’).
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ProoF. Thisis trueif p # oo and g # 1. However, lettingp » co, we have
P’ N 1 and by the lemma, B(n, 0,q) = D(n + 1,4, 1). The other cases are
similar.

In particular, we are interested here in the equality

B(n,00,9) = D(n + 1,4’,1)
and estimates for these numbers. The interest stems from the string of
inequalities:

(14)
< B(npx) < < B(n,c0,9) <
B(n, 1, o) B(n,p,q) B(n, 0,1)
< B(n, 1,4) < < B(”’p’ l) <

which hold for 1 € p € 0 and 1 € ¢ < . We already know that

B(”’ 1, w) = 8(”, 1)/(” + l)! 2n+2 = l/(n + 1)! 22’!4'2

giving a lower bound for B(n,p,q). Furthermore the numbers B(n,p, ) and
B(n,1,q) are nicely characterized and are more general lower bounds. We
would like to similarly characterize the numbers B(n, 0,4) and B(n,p, 1).

We deal with the numbers B(n, p, 1) first.

THEOREM 6.

1 :
Bnp,1) = iy maxmuinlls + il

where g™ = sgn(x — X,) and the norm is on the interval [-1,1].

ProoF. We begin by computing D(n, o0, p’). Let f € Z(n,n).
There is an x, € (-1, 1) such that f'(x,) = 0and ||fll, = |f(x,)|. Then for
4 ) = sgn(x — xp),

Iy = 17l < 5 [ 171 =25 [ p5 D =3 [ 10g

by an integration by parts. Now since f € Z(n,n), f @ ) 7,y S0 we have for
anyr € m_,,

I, < =3[ 7 + 1
and thus

17l < llg + rll Ir @1
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with equality when | f (")l"' =Ng+ r|? a.e. for some A. However, in order to
be admissible, f® 1 7,1 - If we now select r so that g + r minimizes ||g + rfl,
then |g+ r|” 'sgn(g+ 1) L 7,_; so that fO® 1 7,.; and f may be an
extremal. In order to make the inequality hold for all f we need to maximize
over the choice of x;. Thus

D(n,0,p')2" Y = max min ||g + rll,
Xo TEW,

with g("") = sgn(x — xp). Now B(n,p,1) = D(n + 1, c0,p’) and the proof is
complete.

If it were known that the extremal f is unique then clearly f would be even
and xy = 0 and one would not have to maximize over x;. It is possible that
for p = oo that g + ris the perfect spline which is called the Chebyshev-Euler
spline 1, , in Schoenberg [9].

Although the above theorem gives an algorithm for finding B(n,p, 1) we
cannot obtain any explicit numbers. However, we can show that
(15) B(n,p,1) < 8(n — 1,p)/nl 271+,

To see this, let f € Z(n, n). Then, as above,

Ifl < 37l < 4D(m — 1,127 | £,
so that
D(n, c0,p' 2" VP & D(n - 1,1,p2" -V o
D(n,0,p') < $D(n - 1,1,p).
Thus

B(" - Lp, l) = D("’ °°’P,) < iD(n -1, l’P') = iB(” - 2:P» w)

__b8n-2p)
2An — D12%1+p

so that (15) follows. In particular,

l 1
(16) (n + l)! 22"1—2 B(n’ 1, w) < B(n,p,q) < B(n’ 0, l) < ;'!_52;.

It is probably not true that equality holds in (15) since in the proof it is not
likely that both inequalities can be equalities. The extremal for D(n — 1,1,p’)
should have no interior zero as f’ does.
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THEOREM 7.

o G 1M, ),
max
x 2""1/4

B(n, «0,q) = min
Xi

where w,(x) = [T/.q (x = x)), -1 € x; < 1, and
M(t,x) = M(t,x, x4, ...,%,)

is the basic spline with knots at x, xy, . .., x, (see Schoenberg [9]).

PROOF. It is known that if P € =, interpolates f at xy, ..., x, then

(/- PYO) = 0,0 [, M2 P @
Thus

(17) If = Pl < max(jw, )l IMC, )l If @,

If max of |w,(x)|lIM(, ;’C)||,,' is attained at x, then (17) is an equality if
|F® @I = R|M(t, %)l . In particular, E(,n, c0) is dominated by the right-
hand side of (17) for every choice of x;, hence, in particular, for the min over
x;. Thus B(n, e, q) is as given.

For ¢ = o, |M(, )|,y = IM(,x)lj = 1 so that this agrees with the
previous result. It should be possible to compute B(n, 00, 1) from this result but
we have not been able to do it.

8. Other estimates. Besides the already quoted results, we also note some
other scattered results. Using Theorem 3, we see that

B(n,2,q) = C(2n + 2,n + l,q',q)'/z.
If g = oo, then

B(n,2,00) = ((n + DY @n +2))2n + 3)™/2
agrees with C(2n + 2,n + 1,1, o0) given in [4]. Also

B(n,2,1) = CQn+2,n+ 1,00,1)"2 = (m122*") ' 2n + 1)™V2,

This last computation is an actual computation of the maximum of the
Green’s function (Brink [10]). Thus

(n+1)! 1 1 1
@n+2) ymF3 < Bn2,2) < S Van+1-
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